Rational curves on general projective 
hypersurfaces 



Gianluca Pacienza 



Abstract. In this article, we study the geometry of fc-dimensional 
subvarieties with geometric genus zero of a general projective hyper- 
surface X<i C P™ of degree d = 2n — 2 — fc, where k is an integer such 
that I < k < n — 5. As a corollary of our main result we obtain that 
the only rational curves lying on the general hypersuface X2 n -3 C P", 
for n > 6, are the lines. 

1 Introduction 

It was shown by H. Clemens [C] that the general (in the countable Zariski 
topology) hypersurface of degree d in P n does not contain any rational curve, 
if d is sufficiently large. More precisely, he proved the following: 

Theorem (Clemens). There is no rational curve on the general hypersur- 
face Xd C P" of degree d > 2n — 1, n > 3. 

L. Ein studied more generally (see [El] and [E2]) the geometric genus 
of subvarieties contained in complete intersections Xr^ ^\ C M, where 
M is an arbitrary smooth and projective ambient variety. He proved that 
if di + . . . + d r > 2n — r — k + 1, any fc-dimensional subvariety Y C X 
has desingularization with effective canonical bundle. However, in the case 
of a hypersurface Xj C P n , he obtained the lower bound d > 2n — k on 
the degree of X, which was the same as Clemens' for fc = 1, and was not 
optimal. Indeed, it was classically known that the lines lying on the general 
hypersurface Xj C P n of degree d = 2n — 2 — k cover a fc-dimensional 
subvariety, which then has geometric genus zero. Thus nothing was known 
yet about the canonical bundle of subvarieties of dimension fc on the general 
X2n-i-k C P™. Voisin ([V2], [V3]) showed then that it was possible to 
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sharpen Ein's bound by one, as conjectured by Clemens himself, by proving: 

Theorem (Voisin). Let Xd C P™ be a general hypersurface of degree 
d > 2n — 1 — k, where k is an integer such that 1 < k < n — 3. Then 
any k- dimensional subvariety Y of X has desingularization Y with effective 
canonical bundle. 

For k = 1 we immediately obtain that the general X2 n -2 C P™, n > 4, 
contains no rational curves. Taking k = 2 we get another very interesting 
corollary whose analogue in the case n = 4 would solve Clemens' conjecture 
on the finiteness of rational curves of fixed degree on the general quintic 
threefold in P 4 : 

Corollary (Voisin). For each integer 5 > 1, the general hypersurface 
X2n-3 C P™, n > 5, contains at most a finite number of rational curves of 
degree 5. 

The goal of our work is to investigate, for the general X2 n -2-k C P n , 
1 < k < n — 4, the geometry of its /c-dimensional subvarieties having geomet- 
ric genus zero. Since the locus covered by the lines of X is the only known 
example of such a subvariety, it seems natural to start with the following: 

Question. Is the variety covered by the lines the only subvariety of dimen- 
sion k with geometric genus zero on the general hypersurface Xm-2-k C 
P™, 1 < k < n-4? 

Remark that the numerical hypothesis 1 < k < n — 4 implies the posi- 
tivity of the canonical bundle of X2 n -2~k C P n , and gives meaning to the 
question in contrast to the case of the Calabi-Yau hypersurface X n+ i C P n . 
The main result of this paper gives actually a positive answer to the previous 
question for 1 < k < n — 5: 

Theorem. Let X^ C P n be a general hypersurface of degree d = 2n — 2 — k, 
where k is an integer such that 1 < k < n — 5. Then any subvariety Y C X 
of dimension k, whose desingularization Y has h°(Y,Ky) = 0, is a com- 
ponent of the (k- dimensional) subvariety covered by the lines lying on X . 
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Taking k = 1 we get, for n > 6, a corollary on rational curves on the gen- 
eral projective hypersurface of degree d = 2n — 3. Voisin's corollary already 
implies that, for each fixed integer S > 1, there are only a finite number of 
such curves of degree 5. Here we prove that there are only lines - whose 
number is easily computed as the top Chern class of a certain vector bundle 
on the Grassmannian of lines in P n : 

Corollary. There is no rational curve of degree 5 > 2 on the general hyper- 
surface X2n-3 C P n , n > 6. 

Throughout this paper we work on the field of complex number C. 
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2 Preliminaries and sketch of the proof 

To motivate our approach and render our proof more transparent, we will 
briefly sketch the key ideas contained in [El], [V2] and [V3]. We start with 
some 

Notation. 

S d ._ H °(P n ,0-pn(d)); 

S*:=H°(P n ,l x ®O pn (d)); 
N := h°(P n , Op n (d)) = dim S d ; 

X C P ra x S d will denote the universal hypersurface of degree d; 

Xp C P ra the fiber of the family X over F G S d , i.e. the hypersurface 

defined by F. 

Let U — > S d be an etale map and y C Xjj a universal, reduced and 
irreducible subscheme of relative dimension k (in the following, by abuse 
of notation, we will often omit the etale base change). We may obviously 
assume y invariant under some lift of the natural action of GL{n + 1) on 
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P™ x S d : g(x,F) = (g(x),(g~ 1 )*F)), g £ GL(n + 1). Let 3> -» y be a 
desingularization and 3^ — the natural induced map. Let it : X — > P n 
be the projection on the first component and T^. er * (resp. Ty ert ) the vertical 
part of (resp. Ty) w.r.t. 7r, i.e. T x ert (resp. Ty ert ) is the sheaf defined 
by 

_> T v x ert -» T^^TP™ -» 

(resp. o -> r£ eri r;y ^+TP n ). 

The hypothesis of GL(n + l)-invariance for y has two easy but very impor- 
tant consequences that will be frequently used in the rest of the paper: 

Lemma 2.1. Let y be a subvariety of X x P n of relative dimension k and 
invariant under the action of GL(n + 1). Then: 

(i) codim T y ert ^ Ty e '^ F ^ = codim^y = n — k — 1; in particular, since 
we are assuming I < k < n — 5, we have that 

codim x y > 4. 

(ii) Ty^pj D < Sy ■ Jp~ l ,F >, where Jp 1 is the Jacobian ideal of F. 

Proof, (i) Use the surjectivity of the map Ty -^TP n . 
(ii) It follows from the fact that, by GL(n + l)-invariance, Ty e ^ F ^ contains 
the vertical part of the tangent space to the orbit of (y, F) under the action 
ofGL(n + l). □ 

Assume d > 2n — k and let Yp C Xp be a general fiber of the subfamily 
y C X\j. Then to prove Clemens' result (which corresponds to the case 
k = 1) we have to show that h°(Yp, Ky F ) i 1 0, where Yp — > Yp is the 
desingularization. 

Ein's idea is to produce, by adjunction, a non-zero section in H°(Yp, Ky p ) 
by restricting to 3^ holomorphic forms on Xjj defined along Xp. The main 
technical difficulty consists in controlling the positivity of the twisted "verti- 
cal" tangent bundle to the universal hyper surf aces. We start then recording, 
in the first subsection, the needed positivity result, and an equivalent one 
for a bundle on the Grassmannian of lines in P n that will be used later. 

2.1 Positivity results 

Let d be a positive integer. Consider the bundle Mp„ defined by the exact 
sequence 

-► MjL -» S d <g> Opn ^O p „ (d) -» 0, (1) 
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whose fiber at a point x identifies by definition with S d . From the inclusion 
X P n x S d we get the exact sequence 

-> TX\ Xp -> TP«| Xf © (S d ®Ox F )^ Xp (d) - 0, 

which combined with (|l|) gives us 

- M^„ |Xf - TX\ Xp -» TP", Xf -> 0. 

In other words Mp„| X ^ identifies to the vertical part of Tx <8> Ox F with 
respect to the projection to P n . 

Let G := Grass(l, n) be the Grassmannian of lines in P n , 0g(1) the line 
bundle on G giving its Pliicker polarization, and be the d^-symmetric 
power of the dual of the tautological subbundle on G. Recall that the fibre 
of £d at a point [£] is, by definition, given by H°(£, Oi{d)). 

Let Mq be the vector bundle on G defined as the kernel of the evaluation 
map: 

-» -> S d ® G -> £d -» 0. 

Notice that the fiber of at a point [£] is equal to Ie(d) := if (Xf («£)). 
Then we have the following 

Proposition 2.2. [] (%) Mp„ ® 0p«(l) is generated be its global sections; 
(ii) Mq ® Cg(1) *s generated be its global sections. 

Proof, (i) We start observing that the sheaf f2p n (s + l) is globally generated. 
Indeed, by Bott's vanishing theorem [B] we have 

fT(n£n(g)) = 0, Vi >0g>p + l-i (2) 

Therefore, by Mumford's m-regularity theorem ([Ml], page 99) the maps 

® F°(o P n(i)) -> H°{n p pn ( q + 1)), 

are surjective for g > p + 1. The result now follows immediately recalling 
the isomorphism 

M P „ ^ Op„(l) 

and the surjection 

S 6 ^ 1 ® M P „ -» Mg„. 

1 The quick proof of (i) we reproduce here is due to the referee, who pointed out to us 
the possibility of using Bott's and Mumford's results. The referee also suggested us the 
proof of (ii), which is much simpler than the one we originally proposed. 
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(ii) Again it suffices to check the case d = 1. Using the irreducibility 
of the action of GL (n + 1) on the Grassmannian, it suffices to construct 
a single non-trivial meromorphic section of Mq with simple pole along the 
zero set of a Pliicker coordinate. To do this, for all lines £ not meeting 

X x = X 2 = 

the Pliicker coordinate pi2{£) ^ so there is, by Cramer's rule, a unique 
L = Xq + aXi + bX 2 G containing I. 

□ 



2.2 Proof of Ein's and Voisin's results 



Following Ein [El], [E2], one can use the positivity result p^ ), (i), to pro- 
duce holomorphic forms on the (vertical) tangent space to the family Xjj. 
Then, by pulling back them to Yp and using the adjunction formula, it will 
be possible to provide a non zero section of H (Yp , Ky ) • ^o ma ke this 
more precise, first recall the following elementary facts: 

(i) ^ +k l9p =Ky F , 

(ii) (/\ n ~ l ~ k TXu\ XF ) ® k Xf - n%+ k {Xp . 

Therefore, from the natural morphism &x v — > $7^, we get a map 

(A n ~ 1 ~ k TXu\x F ) ® = ^ |Xf - = (3) 

Since K Xp = Xp (d — n — 1) = Xp {{n — k — 1) + (d — 2n + &)) and 

A n-l- fcr ^ |x ^ n _ fc _ 1} = A n-l-ft (T ^ |jfj?(1))> 

we have 

(A n ~ 1 - k TX U]XF )®K XF = /\ n - 1 - k (TX ulXF (l))®0 XF (d-2n + k). (4) 

Now, since we are supposing d > 2n — k, Proposition ( |2.2| ) (i) implies 
that the vertical part of 

^- l - k (TXu\ XF (l)) ® XF (d - 2n + k) = n%+ k [XF , 

namely, the subsheaf 

f\ n - l - k (Ml> n \ XF ) ® K Xf = A"- 1 - fc (M^ |XF (l)) ® XF (d -2n + k), 



6 



is globally generated. Composing the inclusion 

A n~l-fc (M d n|jf j ^ ^ f\ n ~ l ~ k {TXjj\x F ) ® i^X F 
with the restriction map defined in (|3j), we have a natural morphism 

A^t^^j^ifi^^. (5) 
Ein's result is then given by the following 
Lemma 2.3. Let F be a general polynomial of degree 2n — k. The map 

H°(A M (M^ lXF )^K XF )^H°(Ky F ), 
induced in cohomology by is non zero. 



Proof. By Lemma (2.1), (i), we have 



codim T vert Ty e \l f) = codimxy. 



x,{y,F) 

Let (y, F) be a smooth point of y. Since the bundle A n ~ 1 ~ k (Mp n \ Xp )®K Xp 
is generated by its global sections, there exists a section 

seH {A n-l-k {M d n ^ )(g)KxF) 

such that 

<*(y)> T yfi,F) >^°- (6) 

Since j '• : y — > A'y is generically an immersion, we obtain from the above a 
non zero element in H°(Ky f ) coming from H Q {f\ n - l - k {Ml, n \ XF ) <g> K Xp ). 

□ 

(For other proofs of Clemens' theorem see, of course, [C] and also [CLR]). 

In order to try and improve the bound on the degree by one, we observe 
that, if d = 2n — 1 — k, then K Xp = Xp (n — 2 — k), so we have, as in (Q), 
a map 

^n-i-fc TXuiXp{n _j c _2) = n%+ k lXp - n»+ k i% - Ky p . (7) 

As we saw in Lemma 2.1, (i), by the hypothesis of GL{n + l)-invariance on 
y, the relevant part of the tangent space to look at is the vertical one, hence 
we focus our attention on the map 

A- 1 -* MU\ XF (n - k - 2) - - % F . (8) 
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Now, because of the shift between the exterior power and the degree of 
the canonical bundle we are tensoring with on the lefthand side of (||), the 
global generation of the sheaf A n_1 ~ fc Afp n (n — k — 2) will not follow from 
the global generation of Mp„ (1). Voisin's idea is then to study the positivity 
of H°(f\ 2 Mp„(l)), to produce holomorphic forms on the (vertical) tangent 
space to the universal hypersurface, and use the commutative diagram below 
to produce sections in H°(K Yf )'- 

H°(A n - l ~ k M^ lXF (n-2-k)) — > H\Ky p ) 

T / 
H°(A n - 3 - k M£ n{XF (n - 3 - k)) ® #°(A 2 AfjL |XF (l)) (9) 

(the vertical map in (|]) is simply obtained by wedging the sections of the 
sheaves A n-3 ~ fc M|L |XF (n - 3 - k) and A 2 M|L |Xf (1)). Unfortunately the 
following fact holds: 

Fact (Amerik-Voisin). A 2 Mp n (l) is not generated by its global sections. 

Indeed, in [V3] the following counterexample to the global generation of 
A 2 M|L(1) is given. Consider the subvariety 

A-d,F '■= {x € Xp : there exists a line i s.t. £ n Xp = d ■ x}. (10) 

An elementary dimension count shows that, for generic F, 

dim A diF = In - 2 - (d - 1) = 2n - 2 - (2n - 1 - k - 1) = k 

(these subvarieties are generically empty for d > 2n — 1, which is the reason 
they don't come into play in Clemens' and Ein's case). Let be the 
family of the A^'s, let A^ — > A^ be a desingularization, and j : A^ — > X 
the natural morphism. Notice that A^ p parametrizes 0-cycles of Xp which 
are all rationally equivalent since, by definition, d ■ x = H n ~ 1 .Xp, Vx G 
Ad,i?j where H is the hyperplane divisor in P n . Thus, the variational (and 
higher dimensional) version of Mumford's fundamental result on 0-cycles 
on surfaces applies (see [M2], and [VI] for the variational generalization in 
dimension 2), so we have 

fs = in H°(Q^ k i?F ), VsGH°(n% +k lXF \ 

i.e. the map 

H o {A n-i-k TX {n _ 2 _ k)) * H {n N+k j ^ H °in» +k „ ) - H°(Ky ) 
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is identically zero and then so is 

H° ( A n ~ 1 ~ fc Mpn \x F ( n — 2 — k))—> H°(K ?f ). 

In particular, by (g) and Proposition |2.2| , (i), we have that, at a smooth 
point (y, F) G ^, all the global sections of the bundle A 2 Mp„ (l)| x , seen as 
a line bundle on the Grassmannian of codimension two subspaces of TX^Tj, 
vanish on the codimension two subspaces of T^ er ,* F ^ containing Ty e ^ F y 

Voisin's alternative approach to the problem, as developped in [V3], con- 
sists then in studying the base locus of H°(A 2 Mp n (l)| x ), to investigate the 
geometry of the subvarieties for which the composite map in (|9|) fails to pro- 
vide non-zero sections of their canonical bundle. She shows in [V3] that, 
in the case d = 2n — 1 — k, the subvariety A^f denned in ([!(]) is the only 
one for which this phenomenon occurs. Then, she completes her proof by 
verifying that each component of A<j p nas positive geometric genus. 

2.3 The strategy of our proof 

Our purpose is to study, for d = 2n — 2 — k, the geometry of /c-dimensional 
subvarieties of Xp C P n , having geometric genus equal to zero. Recall that, 
since d = 2n — 2 — k, we have Kx F = Ox F {n — 3 — k), and note that the 
composite map 

H {A n-l-k M d n ^ {n _ 3 _ k)) _^ H°(K Yf ) 

T / 

H 0( A n-5-k M d n ^ n _ 5 _ k ^ g, H°(A 4 M£ n{Xp (2)) (11) 

is obviously zero, since we are supposing h°(K YF ) = 0. Then the proof of 
our theorem will naturally be divided into two steps. In section 3, analysing 
the base locus of i/°(A 4 Mp„| j!s: ^(2)), considered as the space of sections of a 
line bundle on the Grassmannian of codimension four subspaces of TX^ 1 ^, 
we will prove 

Proposition A. Let Xp C P n be a general hyper surf ace of degree d = 2n — 
2 — k, andYp C Xp a subvariety of dimension k such that H° (Yp , K y ) = , 
where Yp is a desingularization of Yp . Then Yp has to be contained in 

Ad,F = {x £ Xp : there exists a line i s.t. i fl Xp = d-x}, 

a subvariety of Xp of dimension 2n — 2 — (d — 1) = k + 1. 
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In § 4, we will study an explicit desingularization A^p of A^p, given 
by the zeroes of a section of a bundle on the incidence variety in P n x 
Grass(l,n). Denote by A^ the family (A^F^eS 1 *' ano - reca h the isomor- 
phism 

The positivity result fl2.2|), (ii), for the bundle Og(1) on Grass(l,n), 
will allow us to construct a subbundle of TA x <g> Kx generated by its 
global sections. Using this fact, together with the vanishing of the natural 
restriction map 

H °( TA d \A d , F ® K Ki p ) = H"^^) - H°(Ky F ), (12) 
we will prove 

Proposition B. Let F be a general polynomial of degree d = 2n — 2 — k. 
Let Yp C A^p be a subvariety of codimension 1 such that H°(Yp,K YF ) = 0, 
where Yp is a desingularization of Yp . Then Yp has to be a component of 
the k-dimensional subvariety of A^p covered by the lines lying on Xp. 

These propositions will combine to prove our main theorem. 



3 Base locus of A 4 Mp„(2) and osculating lines 

Let X C P n x S d be the universal hypersurface of degree d = 2n — 2 — k, 
U — > 5^ an etale map and y C Xjj a universal, reduced and irreducible 
subscheme of relative dimension k (to simplify the notation, in what follows 
we will occasionally omit the etale base change) . Assume y invariant under 
some lift of the action of GL{n + 1), denote by y — > y a desingularization, 
and suppose that the fibres of y verify h?{Y Fl Ky F ) = 0. 
Consider the bundle Mp„ defined by the exact sequence 

-» M$n -»■ S d <g> Opn ^UO V n (d) -► 0, 

whose fiber at a point x identifies by definition with S d . Recall from §2.1 
that 

MU\x F =Tx H ®Ox F , (13) 
where T^ ert is the sheaf defined by 

Tl ert -► TX^TP n -► 0. 
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From the vanishing of the composite map 



H°(A n - 1 - k TX U \ X r(n-3-k)) — H\K % ) 

T / 

H°(A n - 5 - k TX ulXF (n -5-k))® F°(A 4 T 'X U]Xf {2)) (14) 



and ( J13| ) we deduce that the composite map 

HO (A *-l-* M d n (n-3-k)) — > 



T / 



ff 0( A n-5-fc M d n| ^( n _ 5 _ ^ g, J H-°(A 4 M^ n|XF (2)) (15) 



is also zero. Since, by Lemma |3, (i), A n ~ 5 - fc MjL |Xf (n—5 — k) is generated 
by its global sections, the vanishing of the composite map in ( |l5| ) and the 
GL(n + 1) invariance of y implies that, at a smooth point (y,F) £ y, any 
codimension four subspace of T^^ y F ^ = Sy containing Ty er ^ F ^ is in the 
base locus of ff°(A 4 Mp n | X ^(2)), considered as a space of sections of a line 
bundle over the Grassmannian of codimension four subspaces of T vert X\ x ^. 
Studying this base locus we will see how, at each point y of a subvariety 
Yp C Xp with zero geometric genus, the ideal of a line through y naturally 
comes into play. More precisely, we will prove 



Proposition 3.1. Let y C Xjj be such that the composite map in ( \15\ ) is 

zero. Then, at a smooth point (y,F), the vertical tangent space Ty e ^ y F y 
which is a subspace o/^/jp) = Sy, has to contain (at least) a hyperplane 
Ht iy F) C F) (d), where £( y ,F) * s a ^ ne passing through y. 

We will then study the distribution Ti C Ty ert , pointwise defined by 
Htr v f) ' anc ^ P rove hs integrability. The description of the corresponding 
foliation and the GL{n + l)-invariance of y will allow us to conclude that 
the line i( y f) * s such that £( y F) ^ Xf = d ■ y, thus proving Proposition A. 

3.1 Proof of Proposition 3.1 

We start with the following 

Lemma 3.2. Let T be a codimension four subspace of S% = {Tx y ( x ,F)) vert 
which is in the base locus of H°(/\ 4 Mp n (2)). Then T has to contain (at 
least) a hyperplane of Ie(d), where £ is a line passing through x. 
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Proof. Recall that H°(/\ 2 M d n (1)) can be naturally interpreted as the kernel 
of the Koszul map A 2 S d <g> S* 1 -»■ S d ® Hence one easily verifies that 

Im {H°(/\ 2 M$ n (l)) -► f\ 2 M d n x ) contains PAi A PA 2 , for all P G 5 d_1 
and Aj G 5*. Then 

4 4 

Im (#°(/\M|L(2)))-/\M|L,) 

contains elements of the form 

PA 1 APA 2 AQB 1 AQB2, 

for all P,Q G S 1 1 and Ai,Bi G S^, coming from the wedge product of 
elements in Im (H°(/\ 2 Afg„(l)) -» A 2 M p 

J. since we are supposing 
that T is in the base locus of H°(/\ 4 Mp„ (2)), the previous fact implies in 
particular that the dimension of the subspace {AP : A G S^,} modulo T is 
at most 3, i.e. the multiplication map 

m P : 5* ^S d x /T 

A ^ A- P mod T 

cannot be surjective, for any P G S d ~ l . 

Recall that if V and W are vector spaces, and := {(ft G Hom(V, W) : 
rank (ft < k}, then 

T Zki<j) = {tft G Hom(V, W) : ift{kercft) C Imcft}. (16) 

If, for generic P, the map mp has rank one, from (|l~6| ) we obtain that 
Q ■ ifer mp mod T C Im mp, for any Q G S"* -1 , i.e. Ii P (d) C P ■ Sj. + T, 
where ip is the line determined by Ker mp. Then T contains a hyperplane 
of Ii P {d) and the Lemma is proved. 

Thus, we can assume that, for generic P. the map mp has rank at least 
two. Let Ai,A% G S% such that T' :=< A\P, A 2 P,T > is of codimension 2 
in S d . For generic Q G 5^ -1 , consider the map 

whose rank is then equal to or 1. In the former case T' would then contain 
S d " x ■ Ker mQ = S^ 1 • = S d , which is absurd since T' has codimension 
2. Hence we can suppose rk mQ = 1. Then by [V2], Lemma 2.3, T' contains 
the degree d part of the ideal of a line £q passing through x, and hence T 
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contains at least a codimension two subspace of Ii Q (d). Assume first that 
the line does not vary with Q, and denote it by t. If 



codim Il( £ ) T n h{d) = 2, 

then the image T of T in H°(Oe(d)) has codimension 2 in H°(Oe(d)(—x)). 
On the other hand, since T' contains Ii(d), its reduction T 1 modulo It{d) 
has also codimension 2 in H (Oc(d)(—x)). Hence T = T'. By the genericity 
of the choice P in S%, this fact would imply that 

T = H°(O e (d)(-x)), 

thus leading to a contradiction. 

Assume now that £q ^ £qi, for generic Q,Q' G 5 d_1 . Since T contains 
a codimension two subspace of I(_ Q (d) , from the exact sequence 

o - /, Q (d) n / v (d) - (d) e j v (d) - ^ - o, 

and the fact that TcSj has codimension 4, it follows that T D Ii Q (d) H 
Ig Ql (d). Let Pq q, be the span of and £q/: we study the variation of 
this plane with Q' . If for generic Q[ ^ Q' the intersection Pq q, n Pq q/ 
is equal to the line £q, then T D Ie Q (d) and we are done. If otherwise 
Pq q, = Pq q, = P 2 , then it is immediate to see that T contains 

{F G S% : i<|p2 zs singular at the point x}, 

because £q and Iqi will vary in this plane. But this is absurd since T C S% 
is of codimension 4. □ 

From the previous lemma and the vanishing of the composite map 
H°(A n - 5 - k TX U]XF (n - 5 - A;)) ® H\^TX V \ Xf {2)) H\K % ) 



we have that any codimension four subspace T C ^ F ^ containing 
Ty e (y F) con tains a hyperplane H^^ F) of l£^ yF) (d), where £( Vi f) * s a nne 
through y. Note that a priori the hyperplane H#, could vary with T. We 
have then to verify that Ty^ y ^ F ) is forced to contain one of those Hi. F) . 



Proof of Proposition 3. 1 . Remark that a codimension four subspace T C 
'Ijfcfy f) containing Ty e T* F ^ cannot contain two hyperplanes H and H' in 
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the ideals It(d) and I(,>(d) of different lines I ^ £'. Indeed, if this was the 
case, by the surjectivity of 

h(d)@I f ,{d)^ S d y , 

then T would contain at least a codimension 2 subspace of Sy, thus violating 
the hypothesis on its codimension. Set V := S y , and Vq := Ty e ^ F y De- 
note by It the unique line such that T contains an hyperplane in its ideal. 
Then, by the above, we have a morphism from G := Grass(V /Vq, 4), the 
Grassmannian of codimension 4 subspaces of V/Vq, to G := Grass(l,P n ), 
the Grassmannian of lines in P n : 

ip : G -» G; T i — ► £ T . 

Suppose that 99 is not constant map. Let I be in its image, and T € tp~ l {l). 
Then it is easy to construct from such a T a positive dimensional family of 
codimension 4 subspaces containing Vo and a hyperplane in Ie(d). Thus ip 
has positive dimensional fibers and we are done, since in this case the ample 
line bundle </>*0g<(1) = 0' G (s), s > 0, would have zero intersection with the 
curves in the fiber, which is absurd. Now, let I be the unique line in the 
image of ip. A dimension count shows that if Vq n Ii(d) had codimension 
> 2, then it would exist a T € Grass (VyVo, 4) with codimj e u\T n > 2, 
thus contradicting Lemma |3.2| . 

□ 



3.2 The vertical contact distribution 

We now want to use Proposition 3.1 to construct a (well defined) distribution 
in Ty ert , and show its integrability. 

From ( |3.1| ) we know that Tyr y m contains at least a hyperplane H : = 
Hg, p . in / := F Jd). Remark that Ty^ y ^ cannot contain two different 
hyperplanes H ^ H' in different ideals I 7^ I' , otherwise it would contain a 
codimension two subspace of Si. But this is absurd, since by Lemma 2.1 



codim T vert ^ Ty er ^ y p-j = codimxy > 4. 
Hence the line £( y ,F) 1S unique and we have a well defined map 

0: y — » G(l,n) (17) 
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If, at a generic point (y,F), Ty^ yF ) contains the hyperplane Hg^ F y but 
not the whole ideal Ig (y F) (d), we get a well defined distribution H C Ty ert , 
whose fiber at a point (y, F) is given by Hg, F) . We will call 7i the vertical 
contact distribution. 

If at a generic point Ty^ y F) contains Ig, F Jd), then one can consider 
the distribution 1 C T$ ert fib erwise defined by Ig (y F) (d) . This case is easier 
and is actually the case considered in [V3]. It will be briefly treated at the 
end of this section. 

In the former case, as in [V3] and by simply adapting the arguments 
given there to our situation, we now want to show the following natural 
fact: if we move infinitesimally in the directions parametrized by Hg (y F) C 
Ig (y F) (d), then the line £( y ,F) remains fixed. The integrability of H will then 
immediately follow. 

Lemma 3.3. (i) The differential 4>* at the point (y, F) vanishes on Hg . 

(ii) The vertical contact distribution H C Ty ert is integrable. 

Proof. Since the distribution Ty e ^ F ^ = ker is integrable, the brackets 
induce a map 

2 

* : /\ n Ty\ eTt in c T v x er \y/n, 

which is given at the point (y, F) by 

V> = ^H^ F) - T* y %, F) mod Hg (yF) C S d y mod Hg {yF) . 

Since we are supposing that Ty er ^ F ^ contains H( yF ) but not the whole ideal 
Ig, F) (d), there is a canonical isomorphism 

T W) mod H^ F) - r-J F) mod Ig (y ^(d), 

and hence ip identifies with a map 

A 2 H e(yF) ^H (O e (d)(-y)) 

which we also denote by ip. To prove the integrability of TC, by Frobenius' 
theorem it will suffice to show that ^ is zero. In what follows we will de- 
note £( y ,F) anci H(y,F) respectively by £ and H. Now, choose coordinates 
on P n such that £ = {X 2 = . . . = X n = 0} and y = [1, 0, . . . ,0]. Recall 
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that H°(N£/p n (— 1)) identifies naturally with the set of (— l)-graded homo- 
morphisms from d 7^(d)//|(d) to @ d S d /Ie(d). Hence there is a natural 
bilinear map, denoted by (a, b) i— > a • b : 

h(d) ® H°(N e/pn (-y)) -> if°(0,(d)(-y)), 

which is explicitely given by 




Remark that, since y € £ and Ty e Ty F ^ C S^, any deformation of £ belonging 
to ^(T^g F) ) passes through y, i.e. ^(2^J )J?) ) C H°(N e/Fn (-y)). A 
verification in local coordinates shows that 

ip(A A B) = A ■ MB) - B ■ <f)*(A), A,B £ H. (18) 

Note that 

(QX.X,) ■ (X>^) =EM^)» = 0, 

for every Q G S' d_2 and i, j > 2, and therefore (j)*(A) ■ B = 0, for every 
A G fl lf{d), B e H. We first show that fa vanishes on if (<i): if we 
had fa(A) / with A € H n if (d), then Ty e ^ ^mod I e (d) would contain 
the elements B ■ fa (A) for any B £ H, hence at least a hyperplane of 
H°(O e (d)(-y)). Thus fa vanishes on Fnif (d), giving a map H/ Hnlf(d) — > 
H°(N£/p n (—y)), which we still call 0*. 

Identify H°(Oe(d)(—y)) with H°(Oe(d — 1)), and recall again the natural 
isomorphism 

h(d)/lj(d) * H°(O e (d - 1)) ® H°(N e/V n(-y)y. 
Then H/H n if (ci) corresponds to a subspace 

77 C H°(O e (d - 1)) ® H°(N e/P n(-y))*, 
with codim H < 1, and the dot map is simply given by the contraction 

< > :H®H°(N e/P n(-y)) ^ H°(O e (d)(-y)) 
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Hence, by © the map V : l\ 2 H/H n -> H°{O e (d){-y)) identifies 

with 

2 

f\H^H°(O e (d)(-y)) (19) 
AAB h^<^, 0*(5)> - <B, 0*(A)> . 

To conclude we need the following linear algebra result: 

Lemma 3.4. Lei and if 6e two vector spaces, H a codimension 1 sub- 
space of in W ® K* and (ft* : H — > K a linear map. If (ft* ^ 0, then the 
image of the map 

2 

i) : f\H — >W 

AAB ^< A, <ft*{B) > - < B, (ft*(A) > 

contains at least a codimension 2 subspace ofW. 

Proof. Let J = ift(A 2 H). Pick a complementary subspace to J in W and 
a basis {wj} for W which is compatible with the decomposition 

w = j®j ± . 

Let {ki} be a basis of K and {k*} the dual one. Pick a complementary space 
H 1 ' to in W <X> if* which will be generated by a monomial wj ® /c* Q , and 
extend to the whole W ® if* by setting 

The map ^ extends naturally to A 2 (W K*). Since 
dim U (H L ®{W® K*))) < 1, 



we are reduced to proving that if the extended map (ft* : W —* K is not zero, 
then the codimension of the image of 



ij) : j\W®K* 



is at least 1. This has already been checked in [V3], Lemma 3, and so we 
are done. □ 



17 



Take W := H (O t {d)(-y)) and K := H°(N t/pn (-y)), and apply Lemma 
3.4 to our situation. If we had (p* y+ 0, then the image of the map ip would 
contain at least a codimension 2 subspace of H°(Oe(d)(—y)). But the image 
of tp is contained in Ty e ?y ™ mod Ii(d), and Ty e \l f) contains a hyperplane 
in Ii(d). Hence the codimension of Ty ert in T x ert would be at most 3, which 
is in contradiction with Lemma [T^. Thus 0* = 0, hence tp is zero and so is 
^. By Frobenius' theorem the distribution TL is integrable. □ 



3.3 Proof of Proposition A 

We can now prove Proposition A, i.e. we show that the line £( y ,F) defined 
by the ideal Ig, F) (d) is such that 



X F n 



{y,F) 



d-y. 



From fl3.3| ) we know that 7i is integrable and <fi is constant along the 
leaves of the corresponding foliation. Therefore the line £( y ,F) is fixed along 
the leaf, and because its tangent space is contained at each point in Ig, (d), 



it follows that the restriction G\ 



is constant, for any polynomial G 



belonging to the leaf through (y,F). This means that the leaf is locally of 
the form y x F + W^py, where W^ y ^ C Ig. F) (d) is a germ of complex 
hypersurface. Then consider the following diagram 







H, 



(y,F) 



rpvert 



(20) 



Hy,F) 



(d) 



rpvert od 

x>(y>F) ~ a v 



H°(O e (d)(-y)) — H°(O e (d)(-y)) 



By Lemma 2.1 



COdim rpvert 

X,(y,F) 



•vert 



codim x y 



n 



k — l. 
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Then, by ( pO[ ) the image 

Im:= Im(T^l F) ^H\O t {d){-y))) 
has codimension (re— k— 1) — 1 = n — k — 2, and therefore, since d = 2n — 2 — k 
dim Im = (2n - 2 - fc) - (n - k - 2) = ra. (21) 



At the same time, again by Lemma 2.1, T^ e ^ ™ contains Sy ■ Jp 1 and i 7 



itself. Take coordinates Xo, . . . , A" n on P n such that y = [1, 0, . . . , 0], and 
£ := ify f) = {^2 = • • • = X„ = 0}. Since <f> is constant along the leaves 
of the foliation, we can generically choose a polynomial G in F + W^^, 
so that the (n — l)-elements Xi J^-, i > 2, are generic in a hypersurface. 
Consider the subspace 



K :=< G^X^— ^X^— ) K > C H°(£,O e (d) I y ), 



which is uniquely determined by and hence is constant along the leaf. Its 
codimension in H°(£, 0^{d) ®I y ) is at least d — 3 > n (since, by hypothesis, 
k < n — 5 so that d = 2n — 2 — k > n + 3). Since we know that along the 
leaf, G moves freely in the complex hypersurface W( Vt p\, the polynomials 
Xi(^-)|£ are generic in a codimension 1 subspace of H°(£, Og(d) ®Iy), and 
it then follows that they will be generically independant modulo K. From 



(|2lD we thus get that 

dim K < 1 (22) 



and so Proposition A is proved, since by @) F\ t has to be of the form aXf. 

If, for generic (y,F), Ty e Jt p\ contains the whole ideal l£ (yF) (d), then 
consider the distribution I C T'^ ert pointwise defined by If,. F) {d). Arguing 
as we did before, we get 

dim Im m% >F ) ~* H\Odd){-y))) = n - 1, 

thus deducing 

dim K = 0. 

Then the polynomial F belongs to If, F) (d), and the theorem is true in this 
case, i.e. Yp is a component of the subvariety of Xp covered by lines. □ 
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4 The geometry of 



Let Xp C P™ be a general hypersurface of degree d = 2n — 2 — k, 1 < k < 
n — 5, and Yp C Xp a fc-dimensional subvariety whose desingularization 
Y has h°(Y, K y ) = 0. Then, by Proposition A, we know that Yp has to 
be contained in A^f C Xp, the (k + l)-dimensional subvariety of points 
in Xp through which there is a ci-osculating line. To prove Proposition B 
and hence our theorem, we have then to show that the only subvariety of 
dimension k of A^f with geometric genus zero is the subvariety covered by 
the lines in Xp. 

4.1 A desingularization of A d:F 

We start by giving an explicit description of a desingularization A^f of A^f 
in terms of the zero locus of a section of a vector bundle. This fact will allow 
us to calculate, by adjunction, the canonical bundle of A^f and see that it 
is very ample. 

Let G := Gr(l,n) be the Grassmannian of lines in P n . Let OoiX) be 
the line bundle on G which gives the Plucker embedding, so that we have 
H (O G (l)) = f\ 2 S l . Let V C P n x G be the incidence variety {(x, [£]) : 
x € £} with projections 

^-P™ (23) 

G 

and H := p*Opn(l), L := q*Oc(^) the line bundles generating the Picard 
group of V. 
Define 

A r := {(x, [£] , F) : i ■ X F > r ■ x} C V x S r C P n x G x S r , 

(by i ■ Xp > r ■ x we mean that the line has a contact of order at least r with 
Xp at x) and consider the various projections as illustrated in the following 
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commutative diagram: 

A r X — ^ S r (24) 

7T ( 
P 

7? !-=»- p« 

1 

G 

Since the tangency of order at least r imposes r conditions, the fibres of 
the projection ir : A r —> V are punctured vector spaces of dimension N — r. 
Hence A r is smooth and irreducible of dimension 

JV-r + 2(n-l) + l. 

Lemma 4.1. (i) The projection p r : A r — > X is surjective for r < n, and 
generically injective for r > n. 

(ii) The composite projection s o p r : A r — > S"* is surjective if r < 
2(n — 1). /n particular, in that case, its fiber A r p := s o p~ 1 (F) is smooth 
for generic F £ S r , and the composite projection t o p r : A ri i7 — > P ra , ^iues 
a desingularization of 

A rjF := {i£X f : 3£ s.t. ^ • X F > r • x} 

Proof, (i) Assume x = [1, 0, . . . , 0] G Proj (C [X , . . . , X n ]) . Then the asser- 
tion follows from the fact that the contact condition £ ■ Xp > r for a line £ 
through x with respect to 

F = Y J ] =l X t 1 ^(X l ,...,X n ) 

becomes 

{F 1 = . . . = F r _x = 0} C Proj (C [Xi, ...,X n ]). 

(ii) A dimension count shows that all hypersurfaces Xp in P n of degree 
d < 2n — 2 admit a point through which passes a line having contact with 
Xp of maximal order. □ 

In what follows, by abuse of notation, we will identify A T) p to its image, 
7r(A r; i?), in V . We will show that A T) p can be seen as the zero locus of a 
global section of a vector bundle over V . This will enable us to compute its 
canonical bundle. 



21 



Let £ d be the d th -symmetric power of the dual of the tautological sub- 
bundle on G, and recall that, by definition, its fibre at a point [£] is then 
given by H°(£,Oe(d)), and its first Chern class is 

ci(£ d ) = Oq{ ). 



Let Cd := dL — dH be the rank 1 subbundle of q*£d- Note that its fibre 
£d,(x,[t\) i s equal to the space of degree d homogeneous polynomials on I 
vanishing to the order d at x. Finally, let be the quotient 

-> C d -» q*£ d ^F d ^0. (25) 

It is possible to associate to every F G S d a section of £ H (G,£ d ), whose 
value at a point [£] is exactly the polynomial Fy. We will denote by Wp the 
induced section in H°(7 , ,J r d)- Then V(Wf) is equal to A r> p, and, as checked 



in Lemma 4.1, for generic F, A r)F = V{o F ) JL ^A r , F is a desingularization. 



It is computed in [V3] that 

K v = -2H - nL, (26) 

and then 

det T d = det q*£ d - dL + dH = d ^ d ~ l ' L + dH. (27) 
Hence, by adjunction, 

,d{d 



Kt 



(K V ® det F d ) lKdF = [(d - 2)H + ( v ' - n)L] ]Adp , (28) 



so is very ample under our numerical hypothesis d = 2n — 2 — k, 1 < 



k < n — 5 



4.2 Proof of Proposition B 

Let A d C P n x S d be the family of the A^'s, and A d C V x S d the family 
of the desingularizations. Let y C A^ be a subscheme of relative dimension 
k, invariant under the action of GL(n + 1), and y — > y a desingularization. 
Assume h°(Yp, Ky F ) = 0. Recall the isomorphisms 

TAd,A ®Kx ^ n^ +k _ (29) 

y \y f y f v ; 
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and consider the natural map 

Then, by assumption, the induced map in cohomology 

H°(TA d{AdF ® ^ f ) -> i/°(% F ) (32) 

is zero. Let T~ er * be the sheaf defined by 

_» Tf rt -» TA d TP -> 0. 

Using the positivity result proved in Lemma [T^, (ii), we will construct a 
sub-bundle of (T~ )\& dF <8> -^A dF ' generated by its global sections. This 
will allow us to show that any point (y, [£], F) € 3^ is such that y € ^ C Xf. 
Comparing the dimension, we will thus obtain that Yp has to be a component 
of the subvariety of lines in Xp. 

From (|32|) we see that, at a smooth point (y,[t),F) <E y C V x S d , 
the tangent space Ty^ y ^p^ is in the base locus of H°(TA ( i^ d p <g) K Ad F ), 
considered as the space of sections of a line bundle on the Grassmannian of 



III 1 \ ft HII I " Ill' 111' .1 ./ '' 

defined by the short exact sequence: 



hyperplanes in TAd^ d p . Consider the vector bundle M G on G := Gr(l, n) 



^ M G ^ S d ® O g ^ £ d ^ 0. 

Notice that the fiber of M G at a point [£] is equal to Ie(d), and recall that, 
by Proposition |2.2| , (ii), M G <g> Og(1) is generated by its global sections. 

Then it follows that the vector bundle q*M G (g> detTd ® K-p, that, by 
@, (P) and <M) can be written as 



q*M G ® det^ ®K V = q*{M G ) O r ((d - 2)H + - - ra)L) 

= g*(Afg(l)) ® - 2)H + _ n _ i )L ), 

is generated by its global sections, and so is its restriction to A^p, i.e. the 
sheaf 

1*M G{AdF K Kd p 

is generated by its global sections. 

Let Md be the vector bundle over V defined by the exact sequence 



-> N d -» 5 d ® Op -» JF d -> 0. (33) 
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We have 

O-^ia —>■ TAdix ^TV lA 

\^d,F \t±d,F \^d,F 

where S C V x S d — > V is the projection on the first component, i.e. J^~d\^ d F 
is the vertical component of TA d ^ dF w.r.t. ir. Now consider the vector 
bundle A4 G defined by the exact sequence 

-► M d G ^ S d ® O v ^q*£ d -» 0, 



whose fiber at a point (y, F, [£]) is equal to From (|25|) and the definition 

of Afd we also obtain that 

_> M d Q ^ M d -► £ d -+ 0. 

So, M G ®K^ F is a subbundle of TA d | Ad F . Finally note that M G = q*M G , 
hence 

M G ® ^A d , F 

is generated by its global sections. Using this property of the bundle M. d G ® 
Kx C TA^rF* <g> K\ we are now able to conclude our proof. 

Proof of Proposition B. Let H C ^ ^^^bea hyperplane contained in the 
base locus of H a {TA<i^ dp <8> K^ p ), considered as the space of sections of 
a line bundle on the Grassmannian of codimension 1 subspaces of TA^^. 
Then we must have 

H vert :=HnM d ^ m = M d GXx/) . (34) 

Indeed, if H := H PI A4 G , ^ was strictly contained in MQt x \(\y then 
consider the following, well defined, commutative diagram: 

H\M% ®K Kdp ) CT : (M d G 8i K Ad F ) (a>M) C (35) 



{ev is the evaluation of the sections at the point (x, [£]), and < •, H > is the 
contraction defined by the hyperplane -ff). Since H belongs to the base locus 
of H° (T ; Adi/± d <S> ), then the composite map < -,H > o ev is zero, 

and so would be < •, H > o ev. But this is absurd, because M. d G ® K~^ d is 
generated by its global sections. 
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Let then y C be a subvariety, which is stable under the action 
of GL{n + 1) and of relative codimension 1. Assume moreover that the 



restriction map (32) 



H\Tk d ^ dF ®K KdF )^H\Ky F ) 
is zero. By (g), T" e J^ F) is equal to 

M dXvm ={GeS d : G\ t = 0}. (36) 
On the other hand, by Lemma |2,1| , (ii), TyP ^ F ^ contains F itself. So by 



(36) we have that Fi£ = for every point (y, [£]) £ Yp, i.e. Yp is a component 



of the subvariety covered by the lines contained in Xp. □ 

Remark 4.2. Ifk>l, the k- dimensional subvariety covered by the lines of 
the general hypersurface of degree d = 2n — 2 — k is irreducible (see [DM]), 
so in this case Yp has to coincide with it. 
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